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Abstract. Jets of modules over a commutative ring are well known to make up the representative 
, objects of linear differential operators on these modules. In noncommutative geometry, jets of 
modules provide the representative objects only of a certain class of first order differential operators. 
As a consequence, a generalization of the standard Lagrangian formalism on smooth manifolds to 
^ , noncommutative spaces is problematic. 

<n : 

Let /C be a commutative ring and A a commutative /C-ring. Let P and Q be ^4-modules 
and J r (P) the module of r-order jets of P. There is a A- module isomorphism 

Hom A (J r (P),Q) = Diff r (P,Q), (1) 

en ! 

where Diff r (P, Q) is the module of r-order Q- valued linear differential operators on an A- 
module P [4]. It follows that the jet module J r \P) is the representative object of the functor 
Q^mS r (P,Q). 

In particular, let A = C°°(X) be the M-ring of smooth real functions on a smooth 
manifold X. If P is a projective C 00 (X)-module of finite rank, it is isomorphic to the module 
Y(X) of global sections of some vector bundle Y — > X. In this case, J r {P) is the module of 
\ global sections of the r-order jet bundle J r Y — > X of Y — > X. Furthermore, let Y — > X be 
an arbitrary smooth fibre bundle. An r-order (not necessarily linear) differential operator 
on Y —> X is denned as a bundle morphism of J r Y — > X to some smooth fibre bundle over 
X. As a consequence, Lagrangian formalism on smooth manifolds is conventionally phrased 
in the jet terms. 

If A is not commutative, there are different definitions of (linear) differential operators 
on modules over A [1, 2, 3, 5, 6]. Though the notion of a jet can be extended to a module P 
over a noncommutative ring A, only the first order jet module ^(P) is the representative 
object of a certain class of first order differential operators on P. 

Let A be a commutative /C-ring. Let P and Q be A- modules (central bimodules). The 
/C- module Hom^(P, Q) of /C-linear homomorphisms $ : P —> Q is endowed with the two 
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different ^4-module structures 

(a$)(p) := a$(p), ($ • a)(p) := $(ap), aei, p £ P. (2) 
We will refer to the second one as the ^-module structure. Let us put 

5 a $:=a$-$»a, a £ A. (3) 
The following definitions are equivalent. 

Definition 1. An element A £ Hom^P, (?) is an r-order Q-valued differential operator 
on P if 5 ao o • • • o 5 ar A = for any tuple of r + 1 elements a®, . . . ,a r of A. 

Definition 2. An element A £ Hom^(P, Q) is a zero order differential operator if 5 a A = 
for all a £ A, and A is a differential operator of order r > if 5 a A for all a £ A is an 
(r — l)-order differential operator. 

Given an ^4-module P, let us consider the tensor product A ®tc P of /C-modules A and 
P. We put 

6 b (a <g)p) := (ba) <g>p - a <g> (ftp), p £ P, a,b £ A. (4) 
Let us denote by yU fe+1 the *4-submodule of .4 (g)^ P generated by elements of the type 

8 bo o---o5 bk (l®p). 

Definition 3. The fc-order jet module J k (P) of a module P is defined as the quotient of 
the /C-module A ®k, P by fi k+1 . We denote its elements a (g> fe p. 

The /C-module J k (P) is endowed with the *4- and ^.'-module structures 

b(a® k p) :=ba® k p, b • (a ® k p) := a ® k {bp). (5) 

There exists the module morphism 

J k : P 3p^ l® k p £ J k (P) (6) 

of the ^4-module P to the ^.'-module J k (P) such that J k (P), seen as an ^4-module, is 
generated by elements J k p, p £ P. 

Theorem 4. Any Q-valued differential operator A of order k on an .4-module P factorizes 
uniquely 

A : P ^J k {P) 
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through the morphism J k (6) and some ^4-module homomorphism f A : J k (P) — >■ Q [4]. 
Let us denote J: P3p^l®pEA®P. The proof is based on the fact that 

K ° • • • ° Mf ° = f(^° o • ■ • o 5^(1 Op)) (7) 

for any f G Horn ^(.4 ® P,Q). The correspondence A i— > f A yields the above mentioned 
isomorphism (1). 

Let now a ZC-ring .4 need not be commutative. Let P and Q be two-sided ,4-modules. 
Two-sided ^4-modules throughout are assumed to be central bimodules over the center Zj^ 
of A. The /C-module Houlk;(P, (?) can be provided with the left .4- and right ^'-module 
structures (2) and the similar right and left structures 

(<3>a)(p) := $(p)a, (a • $)(p) := $(pa), a E A, p £ P. (8) 

For the sake of convenience, we will refer to A — A' structures (2) and (8) as the left and 
right A — A' structures, respectively. Let us put 

5 a $ := $a - a • $, a E A, $ G Hom c (P, Q). (9) 

It is readily observed that 5 a o Sf, = 5b o S a for all a,b E A. 

We follow the notion of a differential operator in [5]. Let P and Q be regarded as left 
^4-modules. Let us consider the /C-module Hom^(P, Q) provided with the left A — A' 
module structure (2). We denote Z§ its center, i.e., £ a $ = for all $GZ and a E A. Let 
T = Zq be the „4 — «4* submodule of Hom^P, Q) generated by Z . Let us consider: (i) the 
quotient Horn ac(P, Q)/Zq, (ii) its center Z 1: (iii) the A— A' submodule Z x of Horn ^(P, Q)/T 
generated by Z\, and (iv) the A — A* submodule Ji of Hom^(P, Q) given by the relation 
Ji/X = Z\. Then we define the A — A' submodules J r , r = 2, . . ., of Hom^(P, Q) by 
induction as follows: 

I r /1 r _\ = Z ri (10) 

where Z T is the A — A' module generated by the center Z r of the quotient Hom^(P, Q)jX r _x- 

Definition 5. Elements of the submodule X r of Hom^(P, Q) are said to be the left r-order 
Q-valued differential operators on a two-sided .4-module P. 

An equivalent definition is the following [6] 

Definition 6. An element of A G Hom^(P, Q) is a left r-order Q-valued differential 
operator on an „4-module P if it is a finite sum 

A(p) = b t &(p) + A r _ l ( P ), b t eA, (11) 
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where A r _i and 5 a $ l for all a G A are left (r — l)-order differential operators if r > 0, and 
they vanish if r = 0. 

The set of these operators is provided with the left and right A — A* module structures. 

If A is a commutative ring, Definitions 5 and 6 come to Definition 2. 

If P — Q — A, derivations of A and their compositions are differential operators on A 
in accordance with Definition 6 [6]. 

By analogy with Definitions 5 and 6, one can define right differential operators on two- 
sided ^4-modules as follows. 

Definition 7. Let P and Q be seen as right ^4-modules over a noncommutative /C-ring A. 
An element A G Hom^(P, Q) is said to be a right zero order Q- valued differential operator 
on P if it is a finite sum A = hi G A, where 5 a & 1 = for all a £ A. An element 

A G Homyc(-P, Q) is called a right differential operator of order r > on P if 

A(p) = $ i (p)6 i + A r _ 1 (p), 6,GA (12) 

where A r _! and <5 a $ l for all a 6 *4 are right (r — l)-order differential operators. 

Definition 5 and Definition 7 of differential operators on two-sided ^4-modules are not 
equivalent, but one can combine them as follows. 

Definition 8. Let P and Q be two-sided modules over a noncommutative /C-ring A. An 
element A G Hom^P, Q) is a two-sided zero order Q- valued differential operator on P if it 
is either a left or right zero order differential operator. An element A G Hom K (P, Q) is said 
to be a two-sided differential operator of order r > on P if it is brought both into the form 
A = bi¥ + A r _i, hi G A, and A = + A r _i, bi G -4, where A r _i, A r _i and 5 a ¥, 5 a $* 
for all a G ^4 are two-sided (r — l)-order differential operators. 

One can think of this definition as a generalization of the definition of first order differ- 
ential operators in noncommutative geometry in [2]. 

It is readily observed that two-sided differential operators in Definition 8 need not be left 
or right differential operators, and vice versa. At the same time, ^4-valued derivations of a 
/C-ring A and their compositions obey Definition 8. 

Turn now to the notion of jets in noncommutative geometry. One can follow Definition 
3 in order to define the left jets of a two-sided module P over a noncommutative ring A. 
However, the relation (7) does not hold if k > 0. Therefore, no module of left jets is the 
representative object of left differential operators. The notion of a right jet of P meets the 
similar problem. 
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Given an ^4-module P, let us consider the tensor product A®k. P <g>/c A of /C-modules A 
and P. We put 

S b (a (g> p (g c) := (6a) <g) p (g> c — a ® (bp) <g> c, 

(5 & (a <g> p (g c) := a (g> p (g (c6) — a (g (pfe) (g c, p G P, a,6,c£ A 

Let us denote by /i 1 the two-sided ^4-submodule of A <S>k P ®k A generated by elements of 
the type 5° o 5 b (l ®p 1). One can define the first order two-sided jet module J X (P) = 
A®,cP% A/ /j 1 of P. Let us denote 

J: P3p^l®p®leA®P®A. 

Then the equality 

S b0 o • ■ • o 5 bk (f o J)(p) = f(o bo o...o^(1®j,®1)) 

holds for any f G Horn a-a(A<S> P,Q)- It follows that J7" 1 (P) is the representative object 
of the functor Q — > Diff i(P, Q) where the /C-module Diff i(P, Q) consists of two-sided first 
order differential operators A by Definition 8 which obey the condition 5° o S b A = for all 
c, b G A. They are the first order differential operators defined in [2] . 

References 

[1] A.Borowiec, Vector fields and differential operators: Noncommutative case, Cech. J. 
Phys. 47 (1997) 1093; E-print arXm. q-alg/9710006. 

[2] M. Dubois- Violette and T.Masson, On the first-order operators on bimodules, Lett. 
Math. Phys. 37 (1996) 467. 

[3] P.Jara and D.Llena, Lie bracket of vector fields in noncommutative geometry, E-print 
arXiv. math.RA/0306044. 

[4] I.Krasil'shchik, V.Lychagin and A.Vinogradov, Geometry of Jet Spaces and Nonlinear 
Partial Differential Equations (Gordon and Breach, Glasgow, 1985). 

[5] V.Lunts and A.Rosenberg, Differential operators on noncommutative rings, Selecta 
Mathematica, New Series 3 (1997) 335. 

[6] G.Sardanashvily, On the definition of higher order differential operators in noncom- 
mutative geometry, E-print arXiv: math-ph/0308013. 



5 



